The celebrated Hadwiger's conjecture states that if a graph contains no K t+1 minor then it is t-colourable. If true, it would in particular imply that every n-vertex K t+1 -minor-free graph has an independent set of size at least n/t. In 1982, Duchet and Meyniel proved that this bound holds within a factor 2. Their bound has been improved; most notably in an absolute factor by Fox, which was later improved by Balogh and Kostochka. Here we consider the same question for triangle-free graphs. By the results of Shearer and Kostochka and Thomason, it follows that any triangle-free graph with no K t minor has an independent set of size Ω( √ log t t n). We show that a much larger independent set exists; for all sufficiently large t every triangle-free graph on n vertices with no K t -minor has an independent set of size n t 1−ε . This answers a question of Sergey Norin.
Introduction
We say that a graph H is a minor of another graph G if H can be obtained from a subgraph of G by contracting edges. By an H-minor of G, we mean a minor of G which is isomorphic to H. The famous Hadwiger's conjecture [17] from 1943 states that if a graph does not contain K t+1 then it is t-colorable. In other words, this conjecture says that if the chromatic number of a graph is at least t then it must contain K t as a minor. This conjecture is one of the most celebrated ones in graph theory and if true, it would be a far-reaching generalization of the Four Colour Theorem [3] . It was solved by Hadwiger for t ≤ 3. For t = 4, Wagner [36] showed it is equivalent to the Four Colour Theorem (long before the latter was proven). For t = 5, Robertson, Seymour and Thomas [30] proved it using the Four Colour Theorem. The conjecture is open for all t ≥ 6.
Note that Hadwiger's conjecture is known to be true for almost all graphs. Bollobás, Catlin, and Erdős [8] showed that the random graph G(n, 1/2), where each pair among n vertices is present as an edge with probability 1/2 does satisfy Hadwiger's conjecture; the largest clique minor of G(n, 1/2) is of order Θ( n √ log n ) while it is well known (see, for example [16] ) that the chromatic number of G(n, 1/2) is of size (1 ± o(1)) n 2 log 2 n . Hadwiger's conjecture is hard; one of the obstacles being that graphs with large chromatic number don't have specific structural characteristics. For this reason, people started looking at various weakenings of the conjecture. For a graph G, α(G) is defined to be the size of the largest independent set. Every n-vertex graph G has chromatic number at least ⌈n/α(G)⌉, and should contain a clique minor of this size if Hadwiger's conjecture is true. So for a while the following conjecture, even though not clearly stated as such, has received quite a lot of attention (see, for example, Seymour's survey on Hadwiger's conjecture [31] .) Conjecture 1. For every positive integer t, if an n-vertex graph G does not contain K t+1 as a minor then α(G) ≥ n/t.
In 1982 Duchet and Meyniel [11] proved that this bound holds within a factor of 2: every n-vertex graph G which does not contain K t+1 as a minor satisfies
. Subsequently this bound has been improved in various works [4, 5, 15, 18, 19, 25, 27, 28, 38] . Among these the first multiplicative constant factor improvement was done by Fox [15] : every n-vertex graph with no K t+1 minor satisfies α(G) ≥ n/(2 − c)t, for some absolute constant c > 0.017. Building upon the main idea of set potentials of [15] , Balogh and Kostochka [4] improved the bound on the constant c to c > 1/(19.2) > 0.052.
We are interested in studying Conjecture 1 for triangle-free graphs. This question has been initiated by Sergey Norin at Bellairs Research Institute during 2017 Barbados Graph Theory workshop, the motivation ultimately being to prove or disprove Hadwiger's conjecture for triangle-free graphs. Let us remark that series of works is present in the literature of a similar flavour. To name a few, Kühn and Osthus in [21] proved that Hadwiger's conjecture is true for K s,s -free graphs whose chromatic number is sufficiently large compared with s and in [20] for C 4 -free graphs of sufficiently large chromatic number and for graphs of girth at least 19. More recently, Krivelevich and Sudakov [24] studied the existence of complete minors in graphs with good vertex expansion properties and finally, Nenadov and Krivelevich [26] studied the same question for graphs with good edge expansion properties.
Conjecture 1 for triangle-free graphs has Ramsey theoretic motivation. For s, k integers, the Ramsey number R(s, k) is the smallest integer n such that every graph on n vertices contains a copy of K s or its complement contains a copy of K k . The determination of Ramsey numbers is very hard and a central topic in Extremal Combinatorics. Ajtai, Komlós and Szemerédi [1] proved that any triangle-free graph on n vertices with average degree d has an independent set of size at least c log d d n, for some small constant c > 0. The constant c was later improved to (1 + o d (1)) by Shearer [32] . The result of Ajtai, Komlós and Szemerédi [1] and a result of Kim [22] show that R(3, k) = Θ(k 2 / log k). Determining the right constant in the bound for R(3, k) is a major problem in Ramsey theory. This result of Shearer implies that R(3, k) ≤ (1 + o(1))k 2 / log k. Independent works of Bohman and Keevash [7] and Fiz Pontiveros, Griffiths, and Morris [14] show that R(3, k) ≥ (1/4 + o(1))k 2 / log k. Recently, Davies, Jenssen, Perkins and Roberts [10] proved a lower bound on the average size of an independent set in a triangle-free graph of maximum degree d, matching the asymptotic form of Shearer's result, and in turn giving an alternative proof of the above upper bound on R(3, k). Their results also implied lower bounds on the total number of independent sets, improving on the previously known best bounds by Cooper and Mubayi [9] .
So what is known about the size of largest independent set in triangle-free graphs without K t -minor? Kostochka [23] and Thomason [34] independently proved that the average degree of graphs with no K t minor is of order O(t √ log t); with random graphs showing tightness of this bound (later, the exact constant factor was determined by Thomason [35] ). So by combining this result together with the result of Ajtai, Komlós and Szemerédi, we get that in any triangle-free n-vertex graph with no K t minor, one can always guarantee independent sets of size Ω( √ log t t n). Our main result shows that much larger independent sets can be guaranteed. Theorem 1. For every positive 0 < ε < 1/26 there exists a positive integer t 0 such that for every t ≥ t 0 , if G is a triangle-free graph on n vertices with no K t -minor then α(G) ≥ n t 1−ε . We made no attempt to further improve the bound on ε in this theorem but note that it cannot be larger than 1/3, due to the following well-known result of Erdős.
Theorem 2 (Erdős [13] ). There exist A, n 0 > 0 such that for all n > n 0 there exists n-vertex graph G which is triangle-free, does not contain a set of [A √ n log n] independent vertices and the number of edges is at most n 3/2 / √ A.
In this theorem the graph G is obtained as a subgraph of G(n, n 3/2 / √ A), where recall that G(n, m) denotes the random graph on n vertices with m edges. Since G has at most n 3/2 / √ A <
edges, it trivially cannot contain K n 3/4 as a minor. Now by putting t = n 3/4 we can see that Theorem 1 is tight for ε = 1/3 up to logarithmic factor, because G described above has no K t -minor, is triangle-free and the largest independent set is of size less than [A √ n log n] = A n t 1−1/3 log n.
A line of research connecting Ramsey numbers to the minor-free classes of graphs was already pursued earlier; Walker [37] in 1969, and, independently Steinberg and Tovey [33] in 1993 introduced the notion of planar Ramsey numbers. For s, k integers, the planar Ramsey number PR(s, k) is the smallest integer n for which every planar graph G on n vertices contains a copy of K s or its complement contains a copy of K k . This is the usual Ramsey number except the ground set is restricted to planar graphs. Steinberg and Tovey [33] determined all planar Ramsey numbers and showed that they grow linearly in contrary to usual Ramsey numbers which grow exponentially. This exhibits that once restricted to the plane the Ramsey problem becomes tractable. They determine all planar Ramsey numbers using the Four Colour Theorem, Grünbaum's Theorem and by establishing a positive solution to a conjecture of Albertson, Bollobás, and Tucker [2] ; every triangle-free planar graph on n vertices contains an independent set of size ⌊n/3⌋ + 1. The first two theorems are hard results in graph theory describing the structural properties of a specific class of graphs.
Since the family of planar graphs consists precisely of those graphs which do not contain K 5 or K 3,3 as a minor, our question, that is, Conjecture 1 for triangle-free graphs, can be viewed as a natural generalization of planar Ramsey numbers. For t, s, k integers let us define the t-minor Ramsey number MR t (s, k) to be the smallest integer n for which every K t -minor-free graph G on n vertices contains a copy of K s or its complement contains a copy of K k . In this language, Theorem 1 says that for all 0 < ε < 1/26 there exist t 0 such that for all t ≥ t 0 , MR t (3, k) ≤ t 1−ε k. Theorem 2 says that this bound cannot be improved further than ε = 1/3 up to logarithmic factor. In Section 4, we conjecture that for all s ≥ 4, a similar bound must hold: MR t (s, k) ≤ t 1−ε k for sufficiently large t, here ε cannot be larger than 1/s. See Section 4 for details.
In the next section, we prove various lower bounds of the average degrees of minors in dense graphs. These are slightly technical results which we use to prove Theorem 1 in Section 3. We finish by discussing related open problems in Section 4.
Average degrees of minors in dense graphs
We need the following consequence of Chernoff's inequality.
Lemma 3. Let X 1 , . . . , X m be independent random variables, each having value 1 with probability p and value 0 otherwise. Then Pr[
In this section, we derive a technical result (Lemma 4) showing that minors with large average degree appear in graphs where many vertices are joined by many internally disjoint paths of length at most three; this result and its proof are motivated by similar statements used in [21] . For a graph G and a positive integer k, let G k ≤3 denote the graph with the same vertex set in which vertices u and v are adjacent if either uv ∈ E(G) or G contains k internally vertex disjoint paths of length at most 3 from u to v. We will apply the following lemma twice in the proof of Theorem 1, once with k almost linear in the average degree of G (in Lemma 9), once with k = 1 (in Lemma 10) . Although most of the argument between these two cases is shared, there turns out to be a qualitative difference reflected in the two possibilities for the choice of b in the statement of the lemma.
Lemma 4. Let k be a positive integer, let 0 < ε < 1 and d be real numbers such
Let G be a graph of minimum degree at least d 1−ε /2 and maximum degree at most 2d. If G k ≤3 has average degree at least b, then G has a minor of average degree at least d.
by the assumptions on d. Let X be a set of vertices of G obtained by picking each vertex independently at random with probability p. We say that a vertex z ∈ V (G) is blocked if either z ∈ X or z has more than 2p(deg(z) − 2) + 2 neighbors in X. Let Z ⊆ V (G) \ {z} be a set of size two; let us bound the probability that z is blocked under the condition that Z ⊆ X. By Lemma 3, this probability is at most q ≤ p + e −p(deg(z)−2)/3 ≤ p + e −pd 1−ε /6+2p/3 ≤ p + e −3+1/24 ≤ 1/8. We say that an edge uv ∈ E(G k ≤3 ) is viable if u, v ∈ X and either uv ∈ E(G), or G contains at least k/2 internally vertex disjoint paths of length at most 3 from u to v whose internal vertices are not blocked. Let us give a lower bound on the probability that uv is viable. The probability that {u, v} ⊆ X is p 2 . If uv ∈ E(G), then by the definition of G k ≤3 , there are at least k internally vertexdisjoint paths of length at most three from u to v in G. Under the condition that {u, v} ⊆ X, the probability that such a path contains an internal blocked vertex is at most 1/4. By Markov inequality, the probability (under the condition that {u, v} ⊆ X) that among k internally vertex disjoint paths of length at most 3, more than k/2 contain an internal blocked vertex, is less than
. Hence, the probability that uv is viable is greater than . Let H be an auxiliary graph with vertex set X such that uv is an edge of H if and only if uv ∈ E(G k ≤3 ) and uv is viable. We have
and E[|H|] = p|G|, and thus
Consequently, there exists a choice of X ⊆ V (G) such that H has average degree greater than pb/2. Let us fix such a choice of X. Independently for each non-blocked vertex z ∈ V (G) which has a neighbor in X, choose one such neighbor c z ∈ X uniformly at random. Since z is not blocked, if x ∈ X is a neighbor of z, then the probability that c z = x is at least . Let G ′ be the minor of G obtained by contracting all edges vc v for non-blocked vertices v adjacent to X and by removing all other vertices not belonging to X. Let us consider an edge uv ∈ E(H), and let us estimate a probability that uv ∈ E(G ′ ). If uv ∈ E(G), then we always have uv ∈ E(G ′ ). Suppose that uv ∈ E(H) \ E(G), and thus G contains at least k/2 internally vertex disjoint paths of length at most 3 from u to v whose internal vertices are not blocked. Consider such a path uxv or uxyv. If c x = u, and c y = v if y exists, then G ′ contains an edge between u and v. The probability this happens is at least 1 (4pd+2) 2 . Hence, the probability p ′ that this happens for one of the at least k/2 paths between u and v is at least 1
, and since e −x ≤ 1 − 
2ε , then p = √ k/d and the average degree is greater than Proof. Let k = 1 and note that k < 324d 2ε . By the assumptions, G 3,1 has minimum degree at least 2800d 2+ε − 1 ≥ 2700d 2+ε /k. The claim thus follows by Lemma 4.
We also need the following reformulation of Turán's theorem. . Equivalently, every graph has average degree at least
In a triangle-free graph H, it can be argued that if Y is an independent set in H 
for every x ∈ Y . Since H has minimum degree at least d 1−β−γ − 1, it follows that the number of vertices adjacent to x and not to any other vertex of Y satisfies
For distinct x, y ∈ Y , consider the subgraph
By the definition of Z 1 , the sets N H (x) \ Z 1 and N H (y) \ Z 1 are disjoint, and since H is triangle-free, they are independent; hence, the graph H xy is bipartite. Since H does not contain k internally vertex-disjoint paths of length 3 from x to y, the subgraph H xy does not contain a matching of size k, and thus it has a vertex cover Z xy of size at most k − 1. Let Z 2 be the union of the sets Z xy over all distinct x, y ∈ Y ; we have
By this inequality, we have |Y | = ⌈2d 2β+γ ⌉, and thus H k ≤3 does not contain any independent set of size exactly ⌈2d 2β+γ ⌉. We conclude that α(H k ≤3 ) < 2d 2β+γ . By Lemma 6, it follows that H k ≤3 has average degree at least
Proof of Theorem 1
Due to the following result of Thomason [35] , as long as we do not care about polylogarithmic factors, instead of considering clique minors, it suffices to consider minors with large average degree.
Theorem 8 (Thomason [35] ). There exists a positive integer t 0 such that for every t ≥ t 0 , every graph of average degree at least 1 3 t √ log t contains K t as a minor.
As the first step, we combine Lemmas 4 and 7 to show that if the independence number of a triangle-free graph G is close to the minimum possible (roughly |G|), then G contains a dense minor.
Lemma 9. Let β, γ, d > 0 be real numbers such that 7β + 6γ < 1 and d 1−7β−6γ ≥ 10 7 . Let G be a triangle-free graph of maximum degree at most 2d. If |G| ≥ 2d
, then G has a minor of average degree at least d.
Repeatedly remove from G vertices of degree less than d 0 together with their neighborhoods, until we obtain an induced subgraph H of G of minimum degree at least d 0 . Since α(G) ≤ d 1+β , this process stops after at most d 1+β vertices and their neighborhoods were removed, and thus
, and thus H k ≤3 has average degree greater than b. By Lemma 4 with ε = β + γ, H (and thus also G) contains a minor of average degree at least d.
When proving Theorem 1 for a graph G, we can assume that every independent set A in G has relatively large neighborhood; otherwise, the claim follows by applying induction to the graph G − N G [A] and combining the resulting independent set with A. With this in mind, let us conversely argue that in a triangle-free graph, if independent sets have large neighborhoods, then the graph contains a dense minor.
Lemma 10. Let 0 < ε < 1/26 and d be real numbers such that d 1−26ε ≥ 10 7 . Let G be a triangle-free graph of maximum degree at most 2d. Suppose that for every vertex v ∈ V (G), every non-empty independent set A ⊆ N
1−ε |A|. Then G has a minor of average degree at least d.
is an independent set for each v ∈ V (G), we have
1−ε , and thus G has minimum degree greater than
2+ε for every v ∈ V (G), then G has a minor of average degree at least d by Lemma 5. Therefore, we can assume that G has a vertex v such that |N
2+ε . Let us fix such a vertex v.
is an independent set, and thus
. By Lemma 9 applied with β = γ = 2ε, H (and thus also G) has a minor of average degree at least d.
Lemma 10 enables us to inductively find large independent sets in graphs whose minors have average degree less than d. Proof. Let Z be the set of vertices of G of degree at least 2d. Since G is a minor of itself, it by assumptions has average degree less than d, and thus |Z| ≤ |G|/2. Since G − Z has maximum degree less than 2d, Lemma 11 implies that
Our main result now follows by a straightforward combination of Theorem 8 with Lemma 12.
Proof of Theorem 1. Let d = 
Concluding Remarks
The fractional chromatic number of a graph G, χ f (G) is defined to be the smallest positive real number k for which there exists a probability distribution over the independent sets of G such that for each vertex v, given an independent set S drawn from the distribution, P[v ∈ S] ≥ 1/k. It is easy to see that χ f (G) ≥ n α(G) . Reed and Seymour [29] strengthened the results of Duchet and Meyniel [11] by showing that graphs G with no K t+1 minor not only satisfy α(G) ≥ |G| 2t
, but actually they have fractional chromatic number at most 2t. It is natural to ask whether Theorem 1 can be extended in a similar way. Question 1. Does there exist some ε > 0 and a positive integer t 0 such that for all t ≥ t 0 , all triangle-free graphs with no K t minor have fractional chromatic number at most t 1−ε ?
Let us remark that our argument contains numerous steps that cannot be carried over to the fractional chromatic number setting (e.g., considering only the subgraph induced by vertices of degree at most 2d). Furthermore, note that the analogous question for regular chromatic number has a negative answer. By a result of the first author and Kawarabayashi [12] there exist triangle-free graphs of treewidth at most t (and thus not containing K t+2 as a minor) of chromatic number larger than t/2.
Another direction of research would be to consider Conjecture 1 for graphs of clique number less than s, where s ≥ 4 is a fixed integer. Based on the lower bounds on the Ramsey numbers R(s, k) for s fixed and k growing obtained by Bohman [6] for s = 4 and by Bohman and Keevash [7] for s ≥ 5, one can see that there are graphs with no K s subgraph and no independent set of order n 2/s+1 up to a polylogarithmic factor. These graphs are also K t -minor-free for t = n . But we expect that similar result to Theorem 1 should hold here as well.
Question 2. Fix an integer s ≥ 4. Is it true that for every 0 < ε < 1/s there exists positive integer t 0 such that for all t ≥ t 0 , if G is a K s -free graph without K t -minor, then α(G) ≥ |G| t 1−ε ? A less ambitious goal would be to answer the above question for all 0 < ε < ε 0 , for some ε 0 > 0.
